We analyze and give estimates for the long-distance coupling via floating metallic gates between different types of spin qubits in quantum dots made of different commonly used materials. In particular, we consider the hybrid, the singlet-triplet, and the spin-1/2 qubits, and the pairwise coupling between each type of these qubits with another hybrid qubit in GaAs, InAs, Si, and Si0.9Ge0.1. We show that hybrid qubits can be capacitively coupled strongly enough to implement two-qubit gates, as long as the distance of the dots from the metallic gates is small enough. Thus, hybrid qubits are good candidates for scalable implementations of quantum computing in semiconducting nanostructures.
I. INTRODUCTION
One of the most promising ways to implement the concept of quantum computation 1 is to use the spins of electrons in quantum dots as qubits 2 . Quantum dots fabricated in semiconductor nanostructures are used to confine electrons, which can then be manipulated and measured by electrical gates 3 . Many generalizations of qubits in quantum dots have been proposed and explored over the years [4] [5] [6] . A recent interesting addition is a proposal for a so-called hybrid qubit [7] [8] [9] [10] formed in a double quantum dot (DQD) by different states of three electrons, where both charge and spin degrees of freedom of the electrons play a role. Since all types of spin qubits have their specific weaknesses and strengths, it is useful to ask if one can combine various types of such qubits to make optimal use of their particular advantages.
Furthermore, to successfully implement quantum computation, scalable architectures consisting of many qubits are needed. One of the possibilities to achieve such a goal is to couple the qubits in quantum dots over a long distance by using a metallic floating gate 11 . In this proposal, quantum dots could be hundreds of micrometers apart from each other, coupled in a similar way as electronic components are coupled by wires.
Here, we extend the proposal of Ref. 11 and study the long-distance coupling between the newly introduced hybrid qubit [7] [8] [9] [10] and other types of qubits theoretically. For this, we consider two lateral DQDs 3, 4, [12] [13] [14] that are separated so far from each other that tunnel coupling is impossible. A floating metallic gate enables a capacitive coupling that depends on the positions of the DQDs with respect to the gate and that can therefore be controlled electrically. We study different host materials such as Si or GaAs, analyze the dependence of the qubit-qubit interaction on several system parameters, and find that strong interactions are achievable which can be used to implement entangling two-qubit gates with short operation times.
There are three different qubit combinations we consider. First, we study the case of two hybrid (H) qubits [7] [8] [9] [10] . In the second case, one DQD contains two and the other DQD three electrons, i.e., one DQD hosts a singlet-triplet (ST) qubit 12, 15, 16 and the other one a hybrid qubit. In these two cases a spin-orbit interaction (SOI) is not required, since the qubit-qubit coupling can be induced solely by the Coulomb interaction and the Pauli exclusion principle. In the third case, we consider a system where one of the DQDs is singly occupied forming the spin-1/2 (LD) qubit 2, 17 and the second one is triply occupied, i.e., a hybrid qubit. Each of these three cases will be studied separately. However, it is important to mention that experimentally it is possible to realize the different schemes within the very same experimental setup by only modifying the voltages on the gates.
The paper is organized as follows. First in Sec. II we focus on the H-H and H-ST qubit-qubit couplings in GaAs. Then, in Sec. III we calculate the H-LD coupling in GaAs, and in Sec. IV we analyze the dependence on the setup geometry and compare all the couplings in four different semiconducting materials commonly used for the fabrication of quantum dots, namely GaAs, InAs, Si, and Si 0.9 Ge 0.1 . Finally, in Sec. V we summarize and give some conclusions. A detailed derivation of the electrostatic coupling via floating gates, the expansion of the electrostatic potential and details of a used SchriefferWolff transformation are appended.
II. H-H AND H-ST COUPLING
The DQD hybrid qubit, introduced recently in Ref. 8 , operates on three different three-electron-states as illustrated in Fig. 1 . In order to implement a universal set of quantum gates, one must be able to couple such qubits to each other pairwise 18 . The idea pursued here is to couple two such hybridqubits over a (possibly long) distance via a floating gate in the way proposed in Ref. 11 and to estimate the strength of the resulting coupling between them. This setup is promising due to its simplicity and scalability and provides a pathway for implementing large-scale quantum computing architectures. The coupling is mediated through the Coulomb interaction of the induced arXiv:1601.03564v2 [cond-mat.mes-hall] 21 Apr 2017
|0〉
|1〉 |E〉 Figure 1 . States of the double dot hybrid qubit [7] [8] [9] [10] . The logical state |0 is defined as |0 = |S |↓ , where |S is the singlet of the two electrons in the ground state of the first dot and |↓ denotes the electron with spin down in the second dot. The logical state |1 is |1 = 1/3 |T0 |↓ − 2/3 |T− |↑ , where |T0 (|T− ) is the two-electron triplet state in the first dot with spin projection zero (−1) along the quantization axis, and |↑ denotes the electron with spin up in the second dot. Our diagram for |1 is a simplified sketch of |T0 |↓ . The state |E = |↓ |S depicted on the right is used as an intermediate state to prepare the logical states. We note that each of these three states can be written in the simple form "orbital part × spin part", because additional corrections are negligible in our calculations of the coupling strengths.
charges on the floating gate caused by the charge distributions in the qubits. As the different states of the hybrid qubit have different charge distributions (in contrast to qubits based on the spin states of a single quantum dot when SOI is absent), it is sufficient to take into account the Coulomb interaction in order to estimate the coupling. Thus, one may assume that the hybrid qubit is a charge qubit and may disregard the spin degrees of freedom (which are on the other hand important for the noise and decoherence description).
Figure 2. a) Setup consisting of a floating metallic gate (blue) and two DQDs (red dots). b) Sketch of the confinement potential of a DQD. Here, a0 is an in-plane distance between the floating gate disc center and the DQD, d is the vertical distance between the floating gate disc center and the DQD, R is the radius of the floating gate disc, L is the length of the section connecting the discs, Rw is the radius of this section (modelled as a wire), λ is the length of the DQD and l is the distance between the DQD minima.
Following Refs. 11 and 19, we now describe the setup analytically. The induced charge in a disc of the floating gate due to an electron at position r is
where e is the elementary positive charge and R is the radius of the disc. The ellipsoidal coordinate ξ r is given by
Assuming that the electron occupies a quantum dot (or DQD in our case) within the two-dimensional electron gas (2DEG) of a heterostructure, the vertical distance d between the electron and the disc corresponds to the distance between the floating gate and the 2DEG, as illustrated in Fig. 2a . The coordinates x and y describe the in-plane position of the electron, where the origin 0 = x = y was chosen below the center of the disc. When one electron is located near the first disc of the floating metallic gate and another electron is located near the second disc, the two electrons are electrostatically coupled and the associated potential energy is
where r 1 and r 2 are the positions of the two electrons with respect to their nearby disc, 0 is the vacuum permittivity, r is an effective relative permittivity that depends on the details of the setup, and
is a charge-distribution factor that is determined by the capacitances C d and C w of the discs and the connecting wire, respectively, of the floating gate 11 . A detailed derivation of Eq. (3) is provided in Appendix A.
In order to obtain an estimate of the interaction we need to model the charge distributions in the DQDs for the different logical states. Electrons in the DQDs are trapped inside the two overlapping two-dimensional (2D) parabolic potential wells (see Fig. 2b ), thus their orbital states in each quantum dot are in good approximation the same as the eigenstates of the 2D simple harmonic oscillator (SHO) 22 . The electron density in a quantum dot, which differs from the charge density only by the factor −e (electron charge), can therefore be modeled by summing up the probability densities of the occupied SHO states.
The probability density in the ground state of a SHO is Gaussian and in the first excited state 23 we have two disjoint peaks shifted with respect to the center of the well to both sides by λ 0 = /(m * ω), where ω is the single-particle level spacing in the quantum dot and m * is the effective mass of the electron. We define λ = l+2λ 0 as the length of the DQD, where l is the distance between the minima of the potential (see Fig. 2b ). Using a model as described above, with 2D continuous charge distributions in the plane of a 2DEG, we obtain the following expression for the electrostatic coupling of the two states |i , |j with electron densities ρ i (r 1 ), ρ j (r 2 ),
These four-dimensional integrals can be evaluated numerically. However, in order to gain more insight, we will also evaluate the V ij analytically by substituting the Gaussian wave functions by delta functions, thus considering the interaction of point charges.
The electron densities in Eq. (4) depend not only on the DQD potentials but also on the positions of the DQDs with respect to the discs of the floating gate. For our estimate of the feasible coupling strengths, we assume that the two DQDs have the same dimensions and the same relative positions. More precisely, we choose the two minima of a DQD potential to lie on the x axis (which can be an arbitrary in-plane direction due to the circular symmetry of the discs and which may, in fact, be different for each disc), with the first minimum at x = a 0 and the second minimum at x = a 0 + l. The parameter a 0 corresponds to the in-plane distance from the disc center, as sketched in Fig. 2 . In order to enable two-qubit gates with short operation times, this distance should be chosen such that the energies V ij differ strongly when changing the qubit states. In Ref. 11 , it was shown that the floating-gate-mediated coupling between two charges is most sensitive to small variations in their positions when the charges are placed below the edges of the discs. Therefore, we set a 0 = R in our model, and in our case of DQDs we choose the dots below the edges of the discs (x = R) to be the ones whose charge distributions depend strongest on the qubit states. Our assumptions are illustrated in Fig. 3 , which shows both the point charge approximation and the continuous charge distribution for a hybrid qubit. Now we are prepared to calculate the matrix elements of the electrostatic coupling
between the different states of two DQDs. In Eq. (5), the sum over m and n runs over all possible pairs of electrons that do not occupy the same DQD and v is the electrostatic electron-electron coupling introduced in Eq. (3). As the Coulomb interaction does not contain any spin operators, the spins of the states are always conserved. Thus, because the logical states are orthogonal in spin space, we get (where
The used notation |k, l for a two-qubit state means here that the qubit at the first (second) disc is in state |k (|l ). As an example we can write the expression for one of the matrix elements in the point charge approximation as follows
where v(x 1 , x 2 ) denotes the Coulomb interaction of two electrons placed at the positions x 1 , x 2 . The charge in the hybrid qubit is equal to three elementary charges, thus the sum of the prefactors of all terms in Eq. (7) must be nine. Due to the aforementioned orthogonality in spin space, projection of V onto the subspace spanned by the twoqubit states |0, 0 , |0, 1 , |1, 0 , and |1, 1 yields a diagonal 4×4 matrix
where we used V 01 = V 10 . We can construct a two-qubit gate that is equivalent to the CNOT gate up to singlequbit operations as follows 24 ,
When the matrix in Eq. (8) is rewritten in terms of Pauli matrices, one obtains
The last term in this decomposition enables us to implement the CNOT gate 2 , and from comparison with Eqs. (9) and (10) we therefore identify
as the qubit-qubit coupling in the H-H setup.
We choose the parameters of the setup as follows. For the spatial dimensions of the DQDs we assume λ = 250 nm and l = 150 nm, furthermore d = 100 nm for the vertical distance and R = a 0 = 4d. We estimate α q = 0.19 from
with L = 10 µm and R w = 30 nm as the length and radius, respectively, of the thin wire that connects the two discs. Considering GaAs as the host material, we use r = 13 (the effective value may in fact be smaller, which would increase the coupling) and note that λ 0 = 50 nm and the effective electron mass result in ω 0.5 meV. With these values, which are similar to those in Ref. 11 , we obtain C H-H = 2.0 × 10 −10 eV from the point charge approximation, while C H-H = 2.6 × 10 −10 eV from the continuous charge distributions.
Since these results agree very well, we conclude that the numerical integration is well reproduced by the point charge approximation. One can significantly increase the coupling by varying the setup parameters. The coupling is most significantly dependent on the vertical distance d. Assuming that d = 10 nm can be realized, we are able to obtain a coupling strength of C H-H = 1 µeV (see Sec. IV).
Next we study the interaction between the ST qubit, i.e., singlet-triplet states of two electrons in the DQD, and the hybrid qubit, i.e., three electrons in the DQD with states |0 , |1 , and |E , see Fig. 3 . We assume the DQD for the ST qubit to be in the strongly detuned regime, thus the singlet state is effectively a (2,0) charge state and the triplet state is effectively a (1,1) charge state (excited orbital states of the dots that form the DQD cannot be occupied). Then we are able to calculate the matrix elements, for instance
Proceeding analogously to the case of two H qubits, we find a qubit-qubit interaction of the form C H-ST σ When we look at the logical states |0 and |1 of the hybrid qubit, we can see that the charge distribution in the second quantum dot is the same in both logical states, thus the second quantum dot gives us no contribution to the coupling, in contrast to the states of the ST qubit. Moreover, the charge difference between the singlet and the triplet states in the single dot is small, δq = 4.7 ×
10
−5 e according to the calculations in Ref. 25 , in contrast to the charge difference between the singlet and triplet states in the ST qubit where δq = 2.7 × 10 −2 e. It is worth mentioning that when we use the state |E instead of |1 as a computational basis state for the hybrid qubit, we obtain much larger couplings due to the different charge configurations in both wells in the different logical states. For H-H and H-ST we get about the same coupling strengths, C H-H ≈ C H-ST ≈ 0.1 µeV, which is on the order of what one would expect for the charge qubit. In the next section we will pursue this idea further, because in order to implement the H-LD coupling it will be necessary to work in the |0 , |E basis.
Finally, we note that a magnetic field is not needed to obtain the H-H, H-ST, and ST-ST couplings. However, a magnetic field is usually applied in order to energetically separate the qubit subspace from other states. The presence of an out-of-plane field, if required, can easily be included by using states of Fock-Darwin type, whose spatial extent decreases (effective confinement increases) with increasing field strength 26, 27 . When the magnetic field lies in the plane of the 2DEG, which is the case in most present-day experiments 7, 14, 16, 28, 29 , its effects on the orbital states are negligible because of the strong and narrow vertical confinement potential. As a consequence, neither magnetic fields nor SOI are important for the estimates of this section and we can omit them in the calculations. This is in stark contrast to the LD qubits discussed in the next section, where the qubit-qubit coupling depends strongly on both the SOI and the magnetic field.
III. H-LD COUPLING
In this section we want to evaluate the coupling between the hybrid qubit in a DQD and the LD qubit in a single quantum dot. Given the coordinate system introduced in the previous section, we assume that the center of the quantum dot that hosts a LD qubit is located at x = a 0 and y = 0. For the sake of simplicity in the notation, the coordinate system which we use in the present section is shifted such that its origin 0 = x = y and the center of the quantum dot coincide.
The Hamiltonian of the single quantum dot reads
with
The p x and p y are kinetic momentum operators, g is the effective electron g-factor, and σ is the vector of Pauli matrices σ x,y,z . Let us assume that the magnetic field lies in the plane of the 2DEG, i.e., B = (B x , B y , B z ) = B (cos φ, sin φ, 0), where B = |B|. In this case, orbital effects due to B are negligible and one can simply use p x,y = −i ∂ x,y . The Zeeman energy induced by B is E Z = gµ B B. The Rashba SOI parameter is defined as α = m * λSO , where λ SO is the spin-orbit length. We assume that the SOI is relatively weak and are interested in the regime 1
|λSO| . (We allow E Z and λ SO to be positive or negative depending on the sign of g and α, respectively. As these signs, however, cannot affect the absolute values of the qubit-qubit couplings in our model, the parameters in our calculations will always be chosen positive.) In order to remove H SOI in the first order, we can therefore employ a Schrieffer-Wolff (SW) transformation 26 . (19) from Eq. (5). By expanding this electrostatic potential around the positions where the confining potential of the dots is minimal, we obtain an effective term H int that describes the floating-gate-mediated interaction between the electrons,
The details of this expansion are provided in Appendix C. Remarkably, the term H int is equivalent to that of an electric field applied along the DQD axis, and the strength of this electric field depends on the coordinate x e of the electron in the quantum dot for the LD qubit. We are now interested in the energy difference
which H int causes between the logical states |0 and |1 of the hybrid qubit. As sketched in Fig. 3 , the charge distributions of the states |0 and |1 differ only in one valley of the DQD, because one of the two electrons that occupy this valley is raised to an excited orbital state when |0 changes to |1 . Consequently, we find J 01 = 0 in our model, as it is known that an electric field applied to a SHO leads to a constant shift of all energy levels. It has already been proposed 8 to use the state |E instead of |1 to perform a two-qubit gate as the charge difference between those states is large and one can easily pulse the state |1 into |E . One finds that
is non-zero, as a qubit based on the states |0 and |E is effectively a charge qubit, see Fig. 3 . The orbital wave functions of the states |0 and |E in the DQD are well approximated by
where
Using these orbital wave functions one gets J 0E = −ηlx e /2 which corresponds to an interaction of the form
where the Pauli operator τ z satisfies τ z |0 = |0 and τ z |E = − |E . Finally, we can calculate the H-LD qubit-qubit coupling by considering the aforementioned SW transformation 26 . As explained in detail in Appendix B, the antihermitian operators
are chosen such that the eigenstates of the perturbatively transformed Hamiltonian H LD +[S 1 +T 1 , H LD ] are eigenstates of the Pauli operator σ z = σ x cos φ + σ y sin φ, apart from small (higher-order) corrections. When we apply the same transformation to H int , keeping in mind that x e in Eq. (28) corresponds to x in Eqs. (29) and (30), we identify
as the H-LD coupling. We note that the form of this qubit-qubit coupling differs from those in Sec. II because the axes of the Pauli operators σ z and σ y = σ z are perpendicular to each other. The strength of the H-LD coupling is
and we recall that λ 0 = /(m * ω). In this calculation we included Rashba SOI only. One can perform the SW transformation including both Dresselhaus and Rashba SOIs with the following modifications. If the magnetic field is in the plane and if the angle γ between the crystallographic [100] axis and the x axis of our coordinate system is tuned to π/4, it then follows from Eq. (B10) in Ref. 11 that the Dresselhaus SOI coefficient β induces a simple shift of the Rashba SOI asα = α + β. The same effect can also be achieved by choosing the in-plane magnetic field along the x axis, regardless of the value of γ, and in this case we havẽ α = α + β sin(2γ).
IV. DEPENDENCE ON SETUP GEOMETRIES AND HOST MATERIALS
As evident from Eq. (32), we can obtain a stronger H-LD coupling by using a quantum dot material with a stronger SOI (like InAs). To verify this statement, we calculated the couplings for the fixed setup parameters mentioned before for different materials, with the following material parameters: for GaAs 11 λ SO = 2.0×10 −6 m, m * = 0.067m e , ω = 0.5 meV, r = 13, for InAs 30 λ SO = 1.64×10 −7 m, m * = 0.023m e , ω = 1.3 meV, r = 15.15, in Si 31 λ SO = 2.6×10 −5 m, m * = 0.26m e , ω = 0.1 meV, r = 11.7, and for Si 0.9 Ge 0.1 32 λ SO = 2 × 10 −5 m, m * = 0.19m e , ω = 0.2 meV, r = 12.2. We have chosen ω in every material such that it is experimentally well accessible and keeps λ 0 close to 50 nm. The Zeeman energy is always set to E Z = 0.5 ω. Given these parameters, the results for the qubit-qubit couplings C H-H , C H-ST , and C H-LD are listed in Table I . However, the couplings for this setup are rather small. If we want to further enhance them, we need to consider smaller geometries. The simplest way is to equally shorten the distance d, the disc radius R, and the horizontal distance a 0 between the centers of disc and dot, such that a 0 = R = 4d is preserved. Reducing R also results in a small decrease of α q , which however does not dominate the parameter dependence of the qubit-qubit couplings. As expected from Eqs. (1)- (3), the couplings depend strongest on the vertical distance d between the dots and the metallic gate. To quantify this dependence, we calculated the couplings again for two smaller setups. In Table II, As anticipated, a strong SOI is needed for implementing the H-LD coupling, which is why the calculated C H-LD in Tables I-III are largest for InAs. In order to enhance the relatively weak H-LD couplings in Si and Si 0.9 Ge 0.1 , one can add a micromagnet [33] [34] [35] to the setup, because the magnetic field gradient caused by a micromagnet can result in a very strong effective SOI. Considering the transformation discussed in Sec. III and Appendix B, one obtains 36-38
where S 1 is the antihermitian operator of Eq. (29) and B · σ = B (σ x cos φ + σ y sin φ) due to the in-plane magnetic field. In particular, when we choose φ = 0 as in our calculations for C H-LD in Tables I-III , the transformed Zeeman term is simply gµ B Bxσ z /λ SO , which corresponds to the effect of an out-of-plane magnetic field that increases linearly with the coordinate x. Assuming that the micromagnet provides such a magnetic field b MM x along the z axis, with b MM as the gradient, the total (effective) gradient b tot is therefore
Consequently, even if a material does not feature Rashba or Dresselhaus SOI at all, a spin-orbit length of the order of 2B/b MM can be induced by a micromagnet (the estimate presented here applies when |λ SO | λ 0 ). Experimental setups with b MM ∼ 1 T/µm are already well feasible 35 , which results in an effective spin-orbit length λ SO ∼ 2 × 10 −6 m when we keep our other parameters for the Si and Si 0.9 Ge 0.1 setups unchanged. In both Si and Si 0.9 Ge 0.1 , we find that the considered gradient from the micromagnet increases the H-LD couplings by an order of magnitude. For instance, using the setup with d = 10 nm and micromagnets to enhance the SOI, one can reach C H-LD ∼ 0.5 µeV for Si 2DEGs. Tables I-III , it is important to keep in mind that the materials differ from each other only in the relative permittivities r and effective masses m * in the context of this calculation. As we chose different values of ω for the different materials, such that the confinement length λ 0 is approximately constant, we find that the listed values of C H-H and C H-ST are quite similar, because it is evident from Sec. II that the couplings C H-H and C H-ST are independent of m * when λ 0 is fixed. Thus, the small differences that remain in the H-H and H-ST cases between the couplings obtained for the various 2DEGs are solely caused by the small variations in λ 0 and the relative permittivity.
For a comparison of the H-H and H-ST couplings in
In our analysis of the charge distributions in the states of single and double quantum dots, we assumed that all wave functions of excited states have an excited orbital part. In Si, we therefore assume that the orbital level spacing ω = 0.1 meV is smaller than the valley splitting, which is reasonable because reported valley splittings are of the order of 0.1-1 meV [39] [40] [41] [42] . For instance, Ref. 42 reports an electrically tunable valley splitting in the range of 0.3-0.8 meV for a quantum dot in Si/SiO 2 . Consequently, forming Si quantum dots with sufficiently large valley splittings is clearly possible (analogous for Si 0.9 Ge 0.1 ).
At the end of this section, we would like to summarize some important dependences of the qubit-qubit couplings on the sample parameters. For the H-H coupling, we can conclude from Eqs. Finally, we wish to emphasize that additional electric gates, which are used to control and manipulate the qubits in an experimental setup, were not yet included in our calculations. As shown in Ref. 11, the influence of these surrounding gates can increase the qubit-qubit couplings by another two orders of magnitude, which makes the hybrid qubit a highly promising platform for quantum computation. Table I . Calculated strengths of the coupling between the three different types of qubits [spin-1/2 (LD), singlet-triplet (ST), and hybrid (H) qubit] in DQDs for d = 100 nm, αq = 0.19, R = a0 = 400 nm (see Fig. 2 ) for four different semiconducting materials commonly used for the realization of DQDs. We note that in the H-LD case, the two-qubit gate is assumed to be performed in the |0 , |E basis of the hybrid qubit. In all these calculations we used the continuous charge densities.
2.6 × 10 Table II . Same as in Table I for d = 57 nm, αq = 0.13 and R = a0 = 228 nm. Table III . Same as in Table I for d = 10 nm, αq = 0.03 and R = a0 = 40 nm. In this setup, as λ = 250 nm the point charge approximation would be very imprecise and should not be expected to be comparable with our results obtained with the continuous densities.
V. CONCLUSIONS
We have studied an experimentally realizable setup which allows different types of qubits in DQDs to be coupled over long distances. In particular, we have shown that using a metallic floating gate, it is possible to capacitively couple the hybrid qubit to a single spin 1/2, to a singlet-triplet qubit, or to another hybrid qubit. First we employed a simple approximation, where the charge density within the quantum dot is treated as a point charge distribution, and calculated the couplings between two hybrid qubits as well as between the ST and the hybrid qubit. Furthermore, we have verified the validity of the point charge approximation by numerically integrating over the continuous charge distribution within each quantum dot. Next, we have calculated perturbatively the coupling between the LD and the hybrid qubit, assuming that the latter is based on the states |0 and |E . In order to investigate the influence of the quantum dot material and the setup geometry, we have calculated the couplings for the four semiconducting materials GaAs, InAs, Si, Si 0.9 Ge 0.1 , and the three different setups of Tables I-III.
As anticipated, the strongest H-LD coupling is obtained with InAs, which features the strongest SOI. Nevertheless, as explained in Sec. IV, micromagnets enable a strong, effective SOI (and therefore strong H-LD couplings) even in materials where the intrinsic SOI is weak, such as Si or Si 0.9 Ge 0.1 . For setups with a small distance d = 10 nm between the 2DEG and the floating gate, our calculated H-LD, H-ST, and H-H couplings are of the order of one microelectronvolt (see Table III ), which leads to very fast two-qubit gates with subnanosecond operation times. In fact, such short time scales may already be possible with present-day samples (see Table II , d = 57 nm), assuming that the qubit-qubit couplings increase by two orders of magnitude, as simulated in Ref. 11 , when all elements of the sample, especially all the electric gates, are included in the calculation.
In conclusion, we showed that hybrid qubits can be very strongly coupled over long distances via floating metallic gates, enabling long-range two-qubit gates with short operation times and all-electrical control. This applies to all of the studied materials, including Si and Si 0.9 Ge 0.1 . We note that Ge and Si can be grown nuclearspin-free and are therefore highly useful for implementing spin qubits with long dephasing times 14 . Our results prove that hybrid qubits are a promising platform for quantum information processing and quantum computation with spins in quantum dots.
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Appendix A: Derivation of the electron-electron coupling mediated by the floating gate
In this appendix we explain Eqs. (1)- (3) of the main text in more detail and provide an intuitive picture for the derivation of the electrostatic electron-electron interaction described by Eq. (3).
We consider a thin conducting disc of radius R and assume for now that it is grounded. When an electron is located nearby, the charge
is induced in the disc, where e is the elementary positive charge. Defining the center of the disc as the origin of the coordinate system, the ellipsoidal coordinate ξ r > R is related to the position r = (x, y, z) of the electron via
which corresponds to the solution of
that satisfies ξ r > R 21 . The Cartesian coordinate system was chosen here such that the disc lies in the x-y plane. It is important to note that Eq. (A1) for the induced charge does not change when we allow the system to be immersed in a dielectric medium with relative permittivity r . This might initially be surprising, but it becomes easily comprehensible when one keeps in mind that the electrostatic potential due to the electron and the induced charge Q ind must compensate at the grounded disc. Keeping Q ind fixed, the potential of both the electron and the disc are inversely proportional to r (which is also seen, for instance, in the capacitance 8 r 0 R of a disc in a dielectric), and so the solution for Q ind must indeed be independent of the relative permittivity. In our setup (Fig. 2) , where vacuum above the floating gates and different layers of materials may be involved, small corrections to Eq. (A1) can be expected which, however, will only have minor quantitative effects on our results. A detailed derivation of Eq. (A1) is provided in Ref. 19 , using the aforementioned assumption that the disc is grounded. In fact, even though the attached wire and the second disc of our floating gate correspond to a finite reservoir, the assumption of a grounded disc is not satisfied because the floating gate is isolated and so the total charge in the gate must be conserved. Nevertheless, as explained in the following, Eq. (A1) can be exploited to calculate the steady-state charge distribution of the floating gate.
Given our gate geometry of Fig. 2 , we now assume that an electron is brought close to one of the discs, referred to as disc 1. After a very short (subpicosecond) time 11 , much shorter than the typical duration of a quantum operation on a qubit, the charge distribution in the metallic gate will have reached a steady state which can be described by the following simple requirements,
With Eq. (A4), we exploit that the floating gate is conducting, and so the potential at disc 1, the connecting wire, and disc 2 must be the same. Equation (A5) arises from charge conservation in the floating gate. The introduced quantities Q d1 , Q w , and Q d2 are the charges in disc 1, the wire, and disc 2, respectively. The capacitance of the wire is C w and, assuming a symmetric gate geometry, each of the two discs has the capacitance C d . The term −Q ind,1 /C d on the left-hand side of Eq. (A4) accounts for the additional potential at disc 1 which results from the external electron. If Q d1 = Q ind,1 , this term is exactly compensated, and so Q ind,1 can be interpreted as the charge that would be induced in disc 1 and that would remain there if the disc were grounded [see also Eq. (A1)]. Solving the system of three equations contained in Eqs. (A4) and (A5) yields the charge distribution in the steady state,
In particular, defining
we see from Eq. (A8) that the electron near disc 1 results in a charge
Next, we analyze the electric potential around the second disc, which is charged by Q d2 . When a thin conducting disc with radius R and charge Q is surrounded by a dielectric with relative permittivity r , the potential at a position r = (x, y, z) with ξ r > R is
Again, the ellipsoidal coordinate ξ r is given by Eq. 
for ξ r > R. In our setup, the potential within the material below disc 2 is therefore well described by Φ(r 2 ) = Q d2 4π r 0 R arcsin(R/ξ r2 ),
where the subscript added to r 2 and ξ r2 refers to the second disc and where r may be replaced by an effective value if, e.g., the floating gate is located at the sample surface (partially in vacuum) or if the sample consists of multiple layers. Finally, we can combine the previous equations and calculate the electron-electron coupling mediated by the floating gate. Given our result for Φ(r 2 ), Eq. (A13), the associated potential energy v of an electron below disc 2 is simply −eΦ(r 2 ). Referring to the position of the electron below disc 1 as r 1 , the combination of Eqs. (A1), (A8), (A9), and (A13) yields v(r 1 , r 2 ) = eα q Q ind (r 1 ) 4π r 0 R arcsin(R/ξ r2 ) = α q 8 r 0 R Q ind (r 1 )Q ind (r 2 ),
which is the result shown in Eq. (3) of the main text. We note that the same result is obtained when one starts the derivation at disc 2 instead of disc 1, which is also evident from the symmetric form of the final expression.
As a last remark, we mention that this coupling may be interpreted as
with the approximation C d ≈ 8 r 0 R, which simply corresponds to the product of the induced charges [Eq. (A1)] divided by the total capacitance of the floating gate.
the center of the nearby disc), we thus assume that the confining potential of the quantum dot is minimal at the coordinates x = a 0 = R and y = 0. Analogously, we consider the DQD with the hybrid qubit to be located below the edge of the other metallic disc. In our model, the coordinates of the dot that contains two electrons when the hybrid qubit is in the state |0 are x = a 0 = R and y = 0. The coordinates of the second dot of the DQD are x = a 0 + l and y = 0. Thus, keeping in mind that the origins of the coordinate systems for the LD and the hybrid qubit are related to the respective metallic discs, we find that a minimum of the confining potential occurs at the position r min = (a 0 , 0) = (R, 0) for both qubits.
As we are interested in the qubit-qubit coupling that results from v(r e , r 1 ), we are looking for terms of type x e x 1 , x e y 1 , y e x 1 , or y e y 1 in the expansion. All the other terms up to the second power in coordinates cannot lead to a qubit-qubit interaction. Moreover, as the quantum dots are displaced by a 0 along the x axis only, we find 
After such an expansion of all three terms v(r e , r 1 ), v(r e , r 2 ), and v(r e , r 3 ) of the interaction potential, we obtain Eqs. (20) and (21) of the main text.
